This paper presents a 5-axis machine tool compensation method that uses tool tip measurements recorded throughout the joint space to construct a set of compensation tables. The measurements can be taken using a laser tracker, permitting rapid measurement at most locations in the joint space. To compensate the machine tool, the measurements are used to identify a kinematic model, and then that model is used to construct an optimal set of compensation tables. The kinematic model is composed of the nominal, or ideal, kinematics with additional (unknown) six degree of freedom errors inserted between each of the joints. The error kinematics are identified using the measurement data and a maximum likelihood estimator. The identified model is then projected onto a joint-compensation space that maps to the compensation tables in the machine tool controller. Simulations of the approach are provided using measurement data from a Flow International 5-axis machine tool equipped with a Siemens 840D controller. The simulation results show a mean residual error of .076 mm, which is a 76.8% reduction from the uncalibrated machine tool.
INTRODUCTION
There is a constant demand for higher accuracy machine tools. No design changes can eliminate all errors, and higher accuracy machine tools are much more expensive to manufacture. However, a large fraction of machine tool errors are repeatable and, as a result, machine tool calibration can be a cost effective way to increase machine accuracy. In general, machine errors change slowly over time, and can drastically change in the event the tool collides with the work piece or the table. Therefore, a machine tool will need to be recalibrated regularly or after a tool crash. Down time on any machine tool is costly, and therefore methods for quickly calibrating machine tools are necessary. Machine tool calibration consists of three main steps: measurement, modeling, and compensation, which will be described in more detail in the following sections.
Methods for measuring machine tool geometric errors are well established, and many were originally developed for 3-axis machines. There are two main classes of measurement techniques: direct, which isolates and measures individual errors, and indirect, which uses a more general tool tip measurement to identify some or all of the errors. For example, linear positioning error for a single axis is often measured by a laser interferometer, and this would be the only error measured for this setup. Direct methods were developed for 3-axis machines, but are often still used to measure the linear axes of 5-axis machines since the linear axes often need to be calibrated first. These methods are well described in ISO 230-1 [1] . These methods often require using a different instrument for each error, and can lead to long machine tool down time. Common indirect measurement methods include the ball bar [2, 3] , R-test [4, 5] , touch trigger probes [6] [7] [8] , machining tests, and laser trackers. These methods are summarized by Ibaraki et al [9] . Some indirect methods, such as the R-test, require that the linear axes be calibrated separately from the rotary axes. Therefore, these methods can also involve multiple instrument set ups and skilled personnel, and can lead to long calibration times, often several days.
As an alternative to some of the measurement tools described above, laser trackers can be used to measure a machine tool much more quickly. Both Freeman [10] and Nubiola and Bonev [11] report measuring hundreds of poses in a few hours on a small 5-axis machine tool and a 6-axis industrial robot, respectively. Due to the lower accuracy of the angular positioning of a laser tracker, multiple laser trackers [12, 13] or multiple set up locations [14, 15] are typically used. In this manner, the three-dimensional position of the tool tip may be found by triangulation. In [11] , Nubiola and Bonev use a single laser tracker and multiple reflectors to calibrate an ABB IRB1600 robot and the resulting error model is validated using 1,000 points throughout the robot's joint space.
Once measurements of a machine are taken, they are used to create a model of the machine errors. The first step in modeling machine errors is to develop a model of the nominal forward kinematics for the machine tool. It is common to model a machine tool as a set of rigid links joined by lower pair joints. The kinematics can then be described by homogeneous transformation matrices, such as the method described by Denavit and Hartenberg [16] . The DenavitHartenberg convention is an early and widely used modeling convention, but lacks continuity when two axes are parallel or near parallel. Several modifications have been proposed to correct this problem by adding fixed transformations [17, 18] . However, the choices of the world coordinate frame and the mechanism zero position are not arbitrary. A model that allows arbitrary placement of the base coordinate frame and selection of the mechanism zero position is the Zero Reference model, described by Mooring et al. [22] . Arbitrary placement of the reference frame allows the nominal forward kinematics to be simplified in many cases. Once the nominal kinematics for a machine are established, an error model can be developed. It is desirable for an error model to be complete, in that it models all machine errors, continuous, in that small changes in the joint positions do not cause large changes in the parameters, and minimal, in that the model does not include redundant parameters. For a 5-axis machine tool, there are 41 errors. Each rigid body has 6 degrees of freedom, and 5-axis machine tools can be modeled as 5 rigid links, giving 30 errors. However, the position dependent error in the direction of the spindle rotation does not affect machine error, and can be eliminated, leaving only 29. A 5-axis machine has 7 squareness errors, which are due to the non-orthogonality of the axes with one another or a fixed reference, 3 rotary axis offsets, and 2 parallelism errors, giving a total of 41 error parameters. Additionally, if a machine has a gage line offset, this length also needs to be included. Machine errors are commonly modeled as three small error translations and three small error rotations of each joint [20] . The zero reference model is expanded to include these types of errors and is shown to be complete, continuous, and minimal in [10] .
Once machine errors are modeled, they can be used to compensate the machine. Compensation is an adjustment to the commanded position of a machine tool to account for predicted machine errors. Compensation can be calculated offline or online using a real-time algorithm. Offline compensation is implemented through the alteration of pre-task trajectories, or through a look-up table available on the machine controller. Each table contains discrete position dependent compensations for each axis. Commonly available compensation tables at most allow the compensation of each axis in terms of its own position and the position of every other axis. For a 5-axis machine tool, this is 25 tables. For 3-axis machines, 6 degree of freedom errors correspond to commonly available compensation tables; however, this is not the case for 5-axis machines. Freeman [10] uses a real-time algorithm in a Siemens controller on a 5-axis machine and finds improvement over the workspace. However, in order to use a real-time algorithm, either a custom built or open architecture controller must be used, or access to the proprietary algorithms on the controller is necessary, which is not often possible. Nojedeh et al. [21] implement compensation by altering the pre-task trajectories. This method often only corrects the end points, and not the entire tool path. When intra-trajectory points are corrected, many additional waypoints are added to the trajectory, and the program becomes extremely setup specific. Additionally, the compensation amounts are incorrect if machine settings such as zero offset and cutter compensation are used. Therefore, these methods are difficult to implement in a production setting. A method to quickly and easily calibrate 5-axis machine tools using table-based compensation is needed. This work describes a methodology which can quickly and easily be used to populate compensation tables. The geometric error model is identified using tool tip measurements taken throughout the workspace with a laser tracker. "Kinematic Modeling" develops the kinematics of the error model. "Model Identification" discusses measurement pose selection and the identification of model parameters, and the method for generating table-based compensation is presented in "Compensation".
Simulation setup and experimental machine configuration are described and simulation results are presented and discussed.
KINEMATIC MODELING

Nominal Kinematics
The relationship between successive links in the kinematic chain can be described using Linear Homogeneous Transformation (LHT) matrices [16] . A transformation between two coordinate frames can be represented by the 4x4 LHT,
where the unit vectors,
are the orientation of the x-, y-and z-axes of one frame with respect to the other and
is the position vector. The nominal kinematics for an n-link machine tool can be described using the convention of the Zero Reference model, described by Mooring et al. [22] . This method defines a fixed reference coordinate frame arbitrarily, and assigns a coordinate frame at the end effector. Thus, the nominal kinematics for an n-link machine tool are given by,
where
where p o is a point that the joint unit vector, u, passes through, and
and 
T a unit vector defining the direction of the kth joint axis with respect to the reference coordinate system, and c(q k ) and s(q k ) represent cos(q k ) and sin(q k ), respectively, and
where u k is the unit vector along the kth axis with respect to the reference coordinate system. Because of inaccuracies in machine tool fabrication and construction, the actual kinematics of the machine tool are never exactly equivalent to those of the nominal kinematic model. In the following subsection, a model is presented to model the machine tool geometric errors.
Six Degree of Freedom (6-DoF) Model
The 6-DoF model is expanded from the Zero Reference Model [22] by Freeman in [10] . The Zero Reference Model is a zero order model, meaning that none of the error terms are position dependent. The 6-DoF model assumes that the actual kinematics can be described by the nominal model with 6-DoF, joint position dependent errors between each. For an n-link machine tool, the 6-DoF model takes the form
where E k (q k ) is the 6-DoF kinematic error transformation at joint k, which depends on joint position q k . For small errors, the 6-DoF error of the k th axis can be approximated as,
where kX  , kY  , and kZ  are rotation errors in the k th joint's local coordinate frame about the X, Y, and Z axes, respectively, and kX  , kY  , and kZ  are the translation errors in the k th joint's local coordinate frame along the X, Y, and Z axes, respectively. This model has been shown to be complete, continuous, and minimal in [10] .
The parameters of each 6-DoF error model can be approximated to an arbitrary degree of accuracy using basis functions. Any set of basis functions can be used, such as splines, polynomials, radial basis functions, etc. One such set of basis functions, which has similar scaling over the interval of interest. is Chebychev polynomials. An m th order Chebyshev polynomial for the range -1 < x < 1 is given by,
where f m is the error parameter, x is the joint command, and, 
and a 0 , a 1 ,…,a n are weighting parameters that need to be identified.
MODEL IDENTIFICATION
In order to use a model to calibrate a specific machine tool, the model parameter coefficients need to be identified. The first step is to take measurements of the machine tool position and orientation. Then, an algorithm, such as a least squares method, is used to find the model parameter coefficients to minimize the difference between the model prediction and measurements.
Measurement
To calibrate the machine, measurements of the tool tip over the entire workspace are needed. An even distribution of measurements throughout the joint space prevents any errors from being missed or too heavily weighted; however, periodic errors could be missed or aliased. Both pseudo-random and quasi-random sequences of points both produce uniformly distributed sequences, but points selected using a pseudo-random number generator tend to cluster and leave gaps, and are less consistent over multiple sets of points. This is due to the fact that pseudo-random number generators produce outputs so that each trial has the same probability of generating a point on equal subintervals. Therefore, it is possible for all points to coincidentally lie in the first half of the interval. Quasi-random sequences are specifically constructed to have low discrepancy, which is a measure of the uniformity of a set of numbers throughout a space. Discrepancy is computed by comparing the number of actual points in a multidimensional volume with the number of points that would be there assuming a uniform distribution. Niederreiter [23] gives the following definition for discrepancy: Let
where S p (J) is a counting function giving the number of points in P that lie in J and Vol(J) is the geometric volume of J. Various types of discrepancy can be defined by restricting J to be a certain set. If E is the set of all sub-rectangles of I s then the discrepancy is defined as
and, if E* is the set of sub-rectangles of I s with one corner at 0, then the discrepancy, * D N , is given by
The parameter * D N is convenient to calculate and is used in the following comparison. To compare discrepancy, 50 sets of 300 2-D points were generated using the Niederreiter sequence or Matlab's random number generator. The Niederreiter sequence was produced using the libraries written by John Burkardt at the Department of Scientific Computing at Florida State University [24] . Functions for generating the Niederreiter sequence are freely available for Matlab, C, and C++. Table 1 gives the worst, mean, and best discrepancies. The point sets generated using the Niederreiter sequence have a worst discrepancy an order of magnitude smaller than pseudo-random points, and smaller mean and best discrepancies, indicating the Niederreiter points are consistently more uniform than the pseudo-random points. Figure 1 shows points taken from the Niederreiter sequence and pseudo-random point from Matlab's random number generator. The Niederreiter quasi-random points are visually more uniform without being evenly spaced. Gaps and clustering are clearly present in the plot of pseudo-random points.
To compare the effects of pseudo-random and Niederreiter quasirandom point selection on model parameter identification, a known error model for a specific five-axis machine tool is used. Different numbers of measurement poses were generated using both pseudorandom and Niederreiter quasi-random methods, and the true position and orientation were computed from the error model. These simulated measurements are used to identify model parameters to construct 6-DoF models. When Niederreiter quasi-randomly selected points are used to identify an error model instead of pseudo-randomly selected points in this example, the Niederreiter quasi-random points produced lower mean and maximum errors and the mean and maximum errors had a smaller standard deviation over several measurement sets. Numerical values are shown in Table 2 . Figure 2 shows the mean error for 6-DoF error models identified using the specified number of either pseudo-randomly or Niederreiter quasi-randomly selected measurements. Table 2 shows the mean distance and standard deviation for the simulation. The standard deviation for the quasi-random numbers is always much lower than for the pseudo-random numbers. It is never more than half the value for pseudo-random, and is often less. The mean is also much smaller when fewer points are used, but when a more typical number of measurement points is used, the difference is only 10-20% improvement for quasi-random numbers. Since the Niederreiter quasi-random points are more uniformly distributed and give a more accurate model for the same number of measurements, measurement poses for both model identification and verification will be generated using the Niederreiter sequence. 
Figure 2: Mean error from the known model
Parameter Identification
The model fitting method that has been chosen for this problem is called the Implicit Loop Method as described by Hollerbach et al. [25] . This method treats the machine as having a closed kinematic chain, with the measurement instrument included in the chain in order to close the loop. This method treats the encoder measurements and tool measurements as corrupted by noise with known statistical metrics. The result of this method is a maximum likelihood estimate of the model parameters as well as a confidence bound on this estimate.
Parameters can be identified with a set of measurements for a fixed tool length or they can be repeated for the same joint positions with a second tool length. The tool length is the length from the spindle face to the center of the retro reflector used for measurement. It is included in the forward kinematics as an additional transformation after the last joint,
where u is a unit vector defining the tool direction with respect to the fixed reference frame and L t is the tool length.
Measuring the same pose with two different tool lengths allows orientation as well as position information to be captured. A vector between the two measurements will give the tool orientation. When a single tool length is used, only 3 loop equations for machine position can be used. When two tool lengths are used, 5 loop equations for position, inclination, and tilt of the tool are used in the fitting algorithm. This is not possible without the additional information provided by the second tool length.
COMPENSATION
The identified kinematic models provide the foundation for constructing optimal compensation tables. Compensation tables, or look-up tables, add (or subtract) a value to the joint commands in order to compensate for kinematic errors. Look-up tables are discrete but when large numbers of points are used, they can be approximated by continuous functions. For example, the look-up tables compensating the k th axis can be written as,
where t k,i is a continuous function whose input is the i th axis joint command and whose output is the amount to modify the k th axis joint command. Now, the optimal set of compensation table functions is the set of functions that minimize the distance between the position predicted by the compensated actual kinematics and the nominal kinematics, or,
where a vector of table values and  is an operator that measures position and orientation error, such as, Axis limits for this machine are listed in Table 3 . The offset between the center of the B axis and the spindle face, T offset , is 98.0 mm. This is the only link length necessary for this machine configuration due to the choice of the fixed reference coordinate frame, which is shown below in Figure 3 . The fixed reference frame for the zero reference model is placed at the center of the B joint when all joints are in their zero position. The unit vectors which describe the axis for each joint are with respect to this frame. Substituting the correct values for u and p o into (4) for each joint, the nominal kinematics for a XYZCB 5-axis machine tool are given by,
where, 
and q X , q Y , q Z , q C , and q B are the joint commands. There is an additional transformation due to the unique measurement frame of the laser tracker, and another due to the tool length, so the complete nominal kinematics are
where T L is the transformation from machine home to the measurement frame and Tt T is the transformation from the last joint to the tooltip,
The machine tool tip is measured using an API T3 laser tracker and Active Target (AT). This instrument and machine tool have been found to have a combined mean volumetric repeatability of 17.8 µm, which was determined experimentally by running a program containing at least two poses which were repeated over a period of 8 hours. The machine was measured 381 times over this period.
A set of 295 poses are measured twice with the AT mounted at a different distance from the spindle face each time. Finding the tool length involves minimizing the distance between the measured tool tip position and the predicted tool tip position. Only the first 3 measurement points are required to identify the tool length. Since the distance between points is invariant with respect to coordinate frames, the distances between the three measured positions and the three predicted positions are used to determine the long tool length, even though the measured points are in a unique measurement coordinate frame.
The short and long tool lengths are found to be 214.88 mm and 312.86 mm, respectively. The transformation from the laser tracker coordinate frame to the machine home coordinate frame, T L , is identified using the least squares method described by Arun et al. [26] .
The measurement points are initially uniformly distributed throughout the joint space; however, some points are removed to satisfy line-of-sight and collision-avoidance constraints. Figure 4 shows the joint space distribution of the measurement poses with the areas labeled "line of sight" and "table" referring to the areas where points were removed due to line-of-sight and collisionavoidance constraints, respectively. These measurements are then used to identify the error model, and the model is checked against the original machine measurements to ensure that the model captures the measured errors. Section 6 describes results of these checks as well as the simulation results when compensation based on these models is implemented on the machine.
SIMULATION RESULTS
The accuracy of the 6-DoF and Joint Perturbation models is measured by the distance between the measured point and the point predicted by the model for each of the 295 measurements. Table 4 shows the mean and maximum distances between the measured points and the modeled position for the data set used to generate the models. The model captures the measured errors well on average, as evidenced by the size of the mean residual errors. The model is then used to generate 25 tables (5 tables for each axis) each using the procedure outlined in the Compensation section. Figure 5 shows these functions plotted together. The compensation functions which depend on linear axes tend to be mostly linear, with a few higher order functions, while compensation that depends on a rotary axis position required high order polynomials. The largest compensations were for the Z axis, but this is logical since this is a very heavy machine, and sagging is expected. Table 5 shows the distance between the compensated nominal kinematics and the identification measurements using the tables generated with the 6-DoF model. 
SUMMARY AND CONCLUSIONS
A method to generate table-based compensation using tool tip measurements quasi-randomly distributed throughout the joint space using a Niederreiter sequence is presented. Measurements are taken using a laser tracker on a five axis machine tool having volumetric errors of up to 1.29 mm, with a mean error of .328 mm. A combined machine tool and laser tracker repeatability of 17.8 µm is found experimentally, making the laser tracker accurate enough to calibrate the machine. A set of 590 measurements were taken in 4 hours; therefore, this method requires little machine down time. The proposed 6-DoF machine tool error model is used to generate tables of axis command perturbations that are able to reduce mean volumetric error from .328 mm to .076 mm, a 76.8% reduction in error. The maximum error is reduced by more than half.
